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1. Introduction 
Quantum entanglement opens the door to many interesting applications of quantum mechanics 
in the field of information processing in the last decade. One of the most peculiar and fascinating 
one is quantum teleportation [1], by which the unknown state of a system can be transmitted from 
a location to a distant one with the help of local operations and classical communication (LOCC). 
The practical realization of teleportation relies crucially on the complete experimental control over 
a system’s quantum state and the prior shared maximally entangled state resource between the 
sender (called Alice) and the receiver (called Bob). However, in a realistic scenario, entanglement 
is susceptible to local interactions with the ambient environment [2, 3], which can result in loss of 
coherence, and makes the quantum channel to be mixed and non-maximally entangled. In this case, 
the teleportation process generally becomes imperfect and Alice cannot teleport the unknown state 
to Bob with unit fidelity. 
By virtue of the present atom trapping and cooling techniques, it is possible to trap two atoms 
at distances of the order of a resonant wavelength [4 – 6]. Based on these, theoretical generation of 
entanglement between atomic qubits has also been reported recently [7–9]. The results show that 
while the irreversible spontaneous decay of the atoms can lead to disentanglement of the initially 
entangled quantum states, by suitably controlling the interatomic separations it can also be used to 
create transient entanglement between two initially separable atoms [8, 9]. Since entanglement has 
always been considered as an essential physical resource for various tasks of quantum information 
processing, a question naturally arises at this stage is whether this entanglement can be used for 
quantum teleportation? If it is, how much information Alice can send to Bob? If it isn’t, what is 
the underlying physical attribution behind it, or more explicitly, what ultimately determines the 
quality of the teleported state except amount of the entanglement of the resource? We will address 
these problems by concrete examples. 
Since in real circumstances it is usually very difficult to prepare maximally entangled channel 
states and perform the unitary operations to the qubits, a number of authors investigated quantum 
teleportation with system decoherence [10–16] and noisy operations [10] in recent years, and the 
results showing that the environmental effects may cause the teleportation to lose its quantum 
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advantage over purely classical communication [17]. Experimentally, quantum teleportation has 
also been demonstrated successfully with atomic qubits [18, 19]. In this paper, we investigate 
quantum teleportation of the one-qubit state with two spatially separated two-level atoms serving 
as the quantum channel. To see environmental effects on quality of teleportation, we assume that 
the two atoms coupled collectively to a multimode vacuum field. We restrict our concern to the 
influence of the spontaneous emission and the distances between the two atoms on fidelity (see 
section 2) of quantum teleportation with different initial atomic states, and compare the robustness 
between them. For the original proposal stated by Bennett et al [1], the system is considered to be 
isolated perfectly from its surrounding environment and the maximally entangled EPR pair is 
unitarily evolved, thus teleportation with unit fidelity can always be achieved. In the present case, 
however, the dissipative process of spontaneous emission may severely undermine the feasibility 
of the teleportation protocol. 
2. Basic formalism 
The two identical two-level atoms serving as quantum channel for teleportation are assumed to 
be located at fixed positions  and  and connected by the dipole moments  1r 2r μ . The lower and 
upper levels of them are denoted as | ig 〉  and  (| ie 〉  1, 2i = ), which are separated by energy gap 
0ω= , with 0ω  being the transition frequency. Moreover, the two atoms are assumed to be 
coupled to all modes of the multimode vacuum electromagnetic field, under the influence of 
which the time evolution of the system is governed by the following master equation [20, 21] 
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j≠
 |ij j ir r r= − |
2 2
2 3
0
2 2
2 3Ω
sin( ) cos( ) sin( )3 ˆ ˆ ˆ ˆ] 3 ]2 ( ) ( )
cos( ) sin( ) cos( )3 ˆ ˆ ˆ ˆ] 3 ]4 ( ) ( )
ij ij ij
ij ij ij
ij ij ij
ij ij ij
ij ij ij
ij ij ij
kr kr kr
r rkr k r kr
kr kr kr
r rkr kr kr
μ μ
μ μ
=
=
⎧ ⎫ ,
,
⎡ ⎤γ γ [1− ( ⋅ ) + [1− ( ⋅ ) −⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
⎧ ⎫⎡ ⎤γ [( ⋅ ) −1 + [1− ( ⋅ ) +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
    (2) 
where 0 / 2 /k cω π λ= =  is the wave vector with  and c λ  being the velocity of light and the 
atomic resonant wavelength, respectively. μˆ  and  are unit vectors along the transition dipole 
moment and along the interatomic axis. Moreover, we assume that the atomic dipole moments for 
the two atoms are parallel to each other, and in the following discussion we will first consider the 
case that they are polarized in the direction perpendicular to the interatomic axis (thus we have 
), and then extend it to general cases. 
iˆ jr
 ˆ ˆ 0ijrμ ⋅ =
Without loss of generality, we assume that the one-qubit state Alice seeks to teleport to Bob is 
encoded at the atomic qubit  and can be expressed explicitly in the Bloch sphere representation 
as , where 
A
 
in| cos( / 2 | sin( / 2 |ie e g    〉 = ) 〉 + ) 〉φϕ θ θ 0 θ π     - -  and 0  φ π   2 - -  are the polar 
and azimuthal angles, respectively. Then the joint state composed of the state  to 
be teleported and the quantum channel can be expressed as 
in in in| |ρ  = 〉〈ϕ ϕ
tot inρ ρ ρ= ⊗ . Alice is in possession 
of qubit  and the first qubit of the channel. To begin the teleportation process, she performs a A
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Bell state measurement  (with A1Π   | |k k k= 〉〈Ψ Ψ 1 2 1 20, 3| ( | | | |e e g g    ⊗ ⊗〉  = 〉 〉 ± 〉 〉 ) 2/Ψ  and 
1 2 1 2
1, 2| ( | | | |e g g e    ⊗ ⊗〉  = 〉 〉 ± 〉 〉) 2/Ψ  being the four Bell states) on her two qubits, and then 
communicates classically the measurement result  (k 0,1,2,3k = ) to Bob. After receiving two bits 
of classical information from Alice, Bob performs a conditional trace-preserving recovery 
operation  on qubit 2 to accomplish the teleportation process, and the final state is given by ( )kmR
( ) ( ) 0
A,1 A1 2 in
1[ ] = {tr [(Π )( )]},k k km m
kP
ρ σ⊗ ⊗E R ρ ρ
m
                  (3) 
where ( ){ }  k mm σ σ=R   , with the indexes  and  denoting the situation that Alice performs 
her measurement using the basis  while Bob recovers the output state via the transformation 
k m
A1Π
k
mσ . Here 0σ  and  denote the 1,2,3σ 2 2×  identity operator and the three Pauli spin operators, 
respectively. Moreover, A,1,2 0A1 2 intr [(Π )( )]kkP ρ ρσ⊗ ⊗=  is the probability for Alice to get the 
measurement outcome . k
Table 1. Dependence of  on  corresponds to different  and ( )mkχ mχ A1Π k mσ . 
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  0k =
where 4π  is the solid angle, and here we use the notation km  ( 0,1, 2,3km = ) instead of m  to 
signify different recovery operations performed by Bob. This is based on the consideration that for 
Alice’s different surement outcomes k , Bob may recover the state with dif mea unitary
kmσ . Thus if we define the following four notations 
0,3 11 44 14 41[ ( ) ( ) ( ) ( )],
[ ( ) ( ) ( ) ( )].
t t t t
t t t t
ρ ρ ρ ρ
ρ ρ ρ ρ
1= + ± ±2
1= + ± ±1,2 22 33 23 32
χ
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                        (5) 
 (4) can be derived analytically as k k , this 
together with equation (4) yields 
2
Then ( )kmkf  appeared in equation
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where the explicit dependence of ( )mkχ  on  with different A1Π k  and mmχ σ  are given in table 1. 
When Alice obtains the ur k , Bob can recover the state with any one of the four 
unitary transform ions km
meas ement result 
at σ  ( 0,1km = t they give rise to different , 2,3 ), bu  [ ( )]f tρ〈 〉 . For given 
channel state ( )tρ , one can maximize [ ( )]f tρ〈 〉 g proper series of 0 1 2 3( ) by choosin s m m m m= , 
or in other words, the e fidelity f maximum averag  max[ ( )]tρ〈 〉  achievable under Bob’s appropriate 
recovery operations 0 1 2 3{ }m m m mσ σ σ σ  is given by 
 max
 2 [ ( )] 1[ ( )] [ ( )] ,tF t f t
3
ρ +ρ ρ= 〈 〉 = F                            (7) 
Fwhere we have used the no [ ( )]ttation ρ  to signify   max[ ( )]f tρ〈 〉  for the convenience of the 
following presentation, and  [ ( )]tρF  in Eq. (7) is in fact the fully entangled fraction [22] which 
can be express
       [ ( )] max { } max { }.mk ntρ = =χ χF                             (8) 
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ρ , and average fidelity of teleportation. Since the two atoms constitute the 
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quantum channel are two-level systems, we quantify the amount of entanglement associated with 
( )tρ  by using the concept of concurrence [24], which is unity for the maximally entangled states 
and ) states. ootters [24], the concurrence is defined 
as max{0,C
 zero for the separable (product  As stated by W
1 2 3 4 }λ λ λ λ− − − , where i= λ  ( 1,i 2,3,4= ) are the square roots  eigenvalues 
of the operator 2 2 2( ) ( )) ( )t tR
 of the
2(ρ σ σ ρ σ σ∗⊗ ⊗=  in decreasing order, and ( )tρ ∗  denotes the 
complex conjugation of ( )tρ . More  we m oover, easure purity f the two-atom system by the trace 
of the square of the density operator ( )tρ , i.e., 2tr[ ( )]P tρ= . 
Now we begin our discussions on fidelity dynamics o ntum teleportation of the one-qubit 
with various types of concrete initial channel state 0)
f qua
state s (ρ . We will first consider the cases of 
(0)ρ  to be the four maximally entangled Bell states | k 〉Ψ  ( 0,1, 2, 3k = ), which all enable unit 
teleportation fidelity for the idealistic situation (i.e., no decoherence). Besides these, we would 
also like to explore behaviors of aver ation fidelity with the two atoms of the channel 
prepared initially in a separable state 1 2| |e g ⊗〉 〉 . This consideration is stimulated by the fact that 
from this initial state one can entangling the two atoms with considerable amount of entanglement 
via the dissipative process of spontaneous emission [7, 8], thus from the perspect
 
ive of utility, it is 
nat
ba c
age teleport
ural for us to conjecture whether this entanglement is useful for teleportation. 
We first see fidelity antum teleportation with t pared  
in the symmetric state 1,2 0
 dynamics of qu he two atoms pre  initially
 
1 1(0)  | |ρ = 〉〈Ψ Ψ , from which one obtain 1,2 2= =
2 |  (here the notation 
1 2 1| |
=  and 1 1/ 2b = . 
 12 12
1 2 1
1 1( ) ( )( )  | |  [ ] |t tt e e g g g gρ − γ+γ − γ+γ= 〉〈 + 1− 〉〈Ψ ΨThis gives rise to 
g 2|g g  〉 =  〉 n obtain g ⊗ 〉 ), substituting of which into Eq. (5) one ca
12 12( ) ( )
0,3 1 2[ ],  ,  0.t te e− γ+γ − γ+γ1−1= = =χ χ χ          (11) 2
From the above equations on an see t  magnitudes of mχ  ( 0,1, 2,3m = ) are 
dep t . When 12( ) ln 3tγ + γ < , we obtain the fully entangled fraction 
as 0,1,2,3 1 [ ( )] max { }m mtρ == =χ χF . During this time region, the one-to-one
between Alice’s measurement basis and Bob’s recovery operation should be  
(see table 1) for the al average fidelity. When 12( ) ln 3tγ + γ > , 
however, we have 0,1,2,3 0,3 [ ( )] max { }m mtρ == =χ χF , and now the one-to-o e 
easurement basis and Bob’s recovery operation should be 0,1,2,3 0,1,2,3A1Π σ6  or 
0,1,2,3 3,2,1,0
A1Π σ6 .  The origin of two different one-to-one correspondences in this time region 
can be und od from equation (3). For example, if Alice performs her measurement using the 
Bell basis 0A1Π , then it is straightforward to check that Bob’s transformations 0,3
               
e c hat the relative
endent on the evolution time 
 correspondence 
0,1,2,3 1,0,3,2
A1Π σ6
 purpose of achieving the maxim
ne correspondenc
between Alice’s m
ersto
σ  yield the final 
output state with iden  diagonal elements, while th iagonal elements only differs 
through a phase factor ie
tical e anti-d
π , which clearly gives rise t (0) (3)0 0o f f . Thus for Alice’s measurement 
basis 0A1Π , Bob can perform either transformation 0
=
σ  or 3σ  to recover the state for achieving 
aximal fidelity. The same analysis can also be applied to the remaining measurement basis 
1,2,3
A1Π  of Alice as w
the m
ell as similar phenomena appeared in the following discussions with other 
init
It follows from
ial atomic states. 
 Eqs. (7), (8) and (11) that 
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and the purity of the two-atom system associated with ( )t
3⎩
Moreover, the concurrence ρ  can 
also be obtained analytically as 
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12 12 12( ) ( ) 2( ),   1 2 2 .t tC e P e e− γ+γ − γ+γ − γ+γ= = − +  t                       (13) 
 
Figure 1. Average fidelity of teleportation (solid black curves), concurrence (dashed red curves) and purity 
(dash-dot blue curves) of the atomic state ( )tρ  versus the rescaled time tγ  with  (the top panel) 
and  (the bottom panel), respectively. Here , and the interatomic separation is chosen to 
be 
1 1(0)  | |ρ = 〉〈Ψ Ψ
2 2(0)  | |ρ = 〉〈Ψ Ψ 12ˆ rˆμ ⊥
12 0.6737r λ= , at which the collective damping rate 12γ  attains its minimum. Moreover, the horizontal lines at 
 show the highest fidelity for classical transmission of a quantum state. 2 / 3F =
 
Figure 2. Average fidelity of teleportation (black curves), concurrence (red curves) and purity (blue curves) of the 
atomic state ( )tρ  versus 12 /r λ  with  (the top two panels) and  (the bottom 
two panels), respectively. Here , and the horizontal lines at  show the highest fidelity for 
classical transmission of a quantum state. Moreover, (a) and (c) are plotted with 
1 1(0)  | |ρ = 〉〈Ψ Ψ 2 2(0)  | |ρ = 〉〈Ψ Ψ
 12ˆ rˆμ ⊥ 2 / 3F =
0.5tγ = , while (b) and (d) are 
plotted with 0.9tγ = . 
Plots of the above equations are shown in the top panel of figure 1 as functions of the rescaled 
time  with fixed interatomic separations and in the top two panels of figure 2 as functions of 
the interatomic separations 
tγ
/r12 λ  with two different rescaled decay times. Figure 1 is plotted with 
0.6737r λ12 =
min 0.3355γ ( ) ln 3tγ + γ <  [ ( )]F t
, at which the collective damping rate of the system attains its minimum value 
. During the region of , the average fidelity 12γ − 12 ρ  decays 
monotonously with increasing rescaled time  and becomes smaller than  when  increases 
after .  behaves as damped oscillations with 
tγ 2 / 3
ln 2 /( )t t> = γ + γ t r
t
12c c 12  and attains its maximum 
of about  when the two atoms are separated by distance ln 2 / 0.6645γ r 0.6737λ12 = tγ
[ (F
. For fixed , 
from Eq. (12) one can observe that )]tρ  increases with decreasing value of , thus figure 1 
shows in fact the maximal average fidelity achievable via controlling the distance between the two 
atoms. In the region of , however,  or  becomes the fully entangled fraction, 
12γ
( ) tγ + γ > 0χ χ12 ln 3 3
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and  [ ( )]F tρ  begins to increase with increasing . But no matter how one adjusts the 
interatomic separations , 
tγ
r  [ ( )]F t12 ρ  cannot exceed the classical limiting value of  [17] due 
to the obvious fact that the exponential term in Eq. (12) is always larger than zero. Another 
interesting phenomenon which can be seen from figure 1 is that in the region of , 
the increase of 
2 / 3
 ln3t >
 [ ( )]F t
12( )γ + γ
ρ  with time  is accompanied by the decrease of the concurrence, which 
indicates that the larger amount of entanglement may not always ensure the higher teleportation 
fidelity. This is in contrast with the conclusion obtained in Refs. [10, 11], in which the authors 
argued that the entanglement is a genuine resource for teleportation even if noises are involved, 
however, our results presented in figure 1 revealed that their statement is not universal. In fact, 
entanglement of the channel state is the prerequisite but not the only essential quantity for 
predicting fidelity of quantum teleportation [16, 25]. This finding will be further confirmed in the 
following discussions with other types of initial atomic states. 
tγ
For fixed decay time , the average fidelity tγ [ ( )]F tρ  behaves as damped oscillations with 
the increase of the interatomic separations r12 . Two exemplified plots with  and  
are presented in figures 2(a) and (b), respectively. For very small interatomic separations  
goes to zero, and thus 
0.5tγ = 0.9tγ =
12kr
12γ  reduces to  (corresponding to the small sample model or Dicke 
model [25]), for which 
γ
 [ ( )]F tρ  attains the value of . Increasing the interatomic 
separations may enhance the magnitudes of 
2(2 1) / 3te − γ +
[ ( )]F tρ , and when 0.6737r λ 12 =  it attains a certain 
maximum value. Moreover, from Eqs. (2) and (12) one can obtain numerically that for short decay 
time  (an exemplified plot is shown in figure 2(a) with ), one can teleport the 
one-qubit state with average fidelity better than that achievable via classical communication alone 
even if the two atoms are separated by infinite distances. Prolonging the decay time 
( ) will reduce the region of the interatomic separations  for achieving 
nonclassical fidelity (see the exemplified plot presented in figure 2(b) with ), and when 
 the teleportation protocol will failed completely. 
0.5804tγ < 0.5tγ =
0.5804 1.0431t< γ < r12
0.9tγ =
1.0431tγ >
 
Figure 3. Average fidelity of teleportation versus tγ  and 12 /r λ  with , where the top and the bottom 
panels correspond to  and , respectively. 
12ˆ rˆμ ⊥
1 1(0)  | |ρ = 〉〈Ψ Ψ 2 2(0)  | |ρ = 〉〈Ψ Ψ
To show more intuitively the influence of the spontaneous emission and collective damping of 
the system on quantum teleportation, we display in the top panel of figure 3 the average fidelity 
versus the rescaled time  and interatomic distance tγ 12 /r λ  with | , from which 1 1 (0)  |ρ = 〉〈Ψ Ψ
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[ ( )]F tone can also see that in the short-time region, the fidelity ρ  can be enhanced by adjusting 
the interatomic distances , while in the long-time region, r )]t 12 [ (F ρ  cannot exceeds the classical 
limiting value of , no matter how one adjusts the interatomic distances. 2 / 3
Next we see fidelity dynamics of quantum teleportation with the two atomic qubits prepared 
initially in the antisymmetric state , for which we have  and 
. Combination of these with equation (9) we obtain the explicit form of 
2 2(0)  | |ρ = 〉〈Ψ Ψ 1,2 1 1,2 0ba c= = =
2 1/ 2b = ( )tρ  analytically 
as | . This together with Eq. (5) yields  12 12 1 2 1 22 2( )  | ( )( ) |  [ ] |t tt e e g g g gρ − γ−γ − γ−γ= 〉〈 + 1− 〉〈Ψ Ψ
12 ) .e γ=χ12( ) (0,3 1 2[ ],  0,  t te − γ−γ − γ−1−1= =2χ χ                         (14) 
Similar to the situation of , the maximum of  (1 1(0)  | |ρ = 〉〈Ψ Ψ mχ 0,1, 2,3m = ) is still time 
dependent. In the region of , we have 12( ) lntγ − γ < 3  0,1,2,3 2 [ ( )] max { }m mtρ == =F χ χ , and thus 
the one-to-one correspondence between Alice’s measurement basis and Bob’s recovery operation 
should be  for achieving the maximum teleportation fidelity. In the region of 
, we have , and the one-to-one correspondence 
between Alice’s measurement basis and Bob’s recovery operation becomes  or 
. Thus the average fidelity in the whole time region takes the form 
0,1,2,3 2,3,0,1
A1Π σ6
12( ) lntγ − γ > 3 = 0,1,2,3 0,3 [ ( )] max { }m mtρ ==F χ χ
0,1,2,3 0,1,2,3
A1Π σ6
0,1,2,3 3,2,1,0
A1Π σ6
12
12
12
12
 
 
( )
( )
ln 3 /( ) 
ln 3 /( ) 
2 1  ( )3[ ( )]
2  ( )3
t
t
t
t
e
F t
e
ρ
− γ−γ
− γ−γ
< γ − γ
> γ − γ
+⎧⎪= ⎨ −⎪⎩
,
.
 t
                        (15) 
The concurrence and the purity of the channel state at an arbitrary time  can also be obtained 
analytically, which are given by 
t
12 12 12( ) ( ) 2( ),   1 2 2 .t tC e P e e− γ−γ − γ−γ − γ−γ= = − +                        (16) 
   In the bottom panel of figure 1 we presented dynamical behaviors of the average fidelity, the 
concurrence and the purity of ( )tρ  with fixed interatomic separations 0.6737r λ12 = . Clearly, the 
plots show qualitatively similar behaviors with the former case. But now the critical time after 
which the teleportation protocol loses its quantum advantage over purely classical communication 
becomes . For very small interatomic separations,  becomes very large and 
thus both 
12ln 2 /( )ct = γ − γ ct
 [ ( )]F tρ  and  decay slowly. When the spatial distribution of the two atoms increases, 
 first decreases to a certain minimum of about , and then behaves as damped 
oscillations with the same frequency describing the collective damping. Moreover, as can be 
obtained from Eq. (15), in the region of , the average fidelity 
C
ct ln 2 /1.3355γ
12( ) lntγ − γ < 3  [ ( )]F tρ  increases 
as  increases, thus the plots shown in the bottom panel of figure 1 is the minimum of 12γ  [ ( )]F tρ  
achievable via adjusting the distances between the two atoms. This behaviors are also displayed in 
the bottom two panels of figure 2, from which one can see that for infinitesimal interatomic 
separations (i.e.,  and thus ), the average fidelity 0r12 → 12γ → γ [ ( )]F tρ  is very close to unity. 
Increasing the spatial distances between the two atoms will diminish the values of both  [ ( )]F tρ  
and , and make them oscillating with increasing C r12 , with the same frequency as . Moreover, 
as can be observed for figures 2(c) and (d), with short decay times ( ) the one-qubit 
state can be teleported with nonclassical fidelity over arbitrary distances (
12γ
0.5190tγ <
0 r12< < ∞ ), while for 
long decay times ( ) it can only be teleported nonclassically over finite distances. 0.5190tγ >
A more intuitive three dimensional figure of the average fidelity [ ( )]F tρ  versus the rescaled 
time  and interatomic separations tγ 12 /r λ  with  are displayed in the bottom 
panel of figure 3. It shows clearly that 
 
2 2(0)  | |ρ = 〉〈Ψ Ψ
[ ( )]F tρ  always attains its maximum unity for infinitesimal 
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interatomic separations, but its decay rate increases with increasing interatomic separations. 
From the above analysis, one can see that for the initial atomic states  and 
, the spatial distances between the two atoms can significantly influence the 
teleportation fidelity. Now we turn our attention to the cases of . For these 
two types of initial states, from equations (9) and (10) it is straightforward to check that 
1 1(0)  | |ρ = 〉〈Ψ Ψ
  
2 2 (0)  | |ρ = 〉〈Ψ Ψ
0,3 0,3(0)  | |ρ = 〉〈Ψ Ψ
( )tρ  
have completely the same form except that  for , 
while  for . By combination of these with Eq. 
(5) one can obtain that they yield the same average fidelity. Thus in the following discussion we 
only consider the case of . The four notations defined in Eq. (5) can be derived 
explicitly, however, we do not list them here for the calculation is direct and their expressions are 
rather lengthy. Instead, we plot in figure 4 the dynamical behaviours of the average fidelity 
 0*
14 41
 ( 2i ) ( ) ( ) / 2tt t e ωρ ρ − γ+= = 0 0(0)  | |ρ = 〉〈Ψ Ψ
 0*
14 41
 ( 2i ) ( ) ( ) / 2tt t e ωρ ρ − γ+= = − 3 3(0)  | |ρ = 〉〈Ψ Ψ
0 0(0)  | |ρ = 〉〈Ψ Ψ
 [ ( )]F tρ , as well as the concurrence  and the purity C P  of the atomic state ( )tρ  with different 
interatomic separations. 
 
Figure 4. Average fidelity of teleportation (black curves), concurrence (red curves) and purity (blue curves) of the 
atomic state ( )tρ  versus the rescaled time tγ  with  and , where the transition frequency 
of the two atoms has been chosen to be 
0 0(0)  | |ρ = 〉〈Ψ Ψ 12ˆ rˆμ ⊥
0 100 ω = γ . The other parameters for the plots are 12 /6r λ=  (the top panel) 
and 12 / 2r λ=  (the bottom panel). Moreover, the hollow circles in the insets show time dependence of  [ ( )]F tρ  
when 0/ 2t kπ ω=  ( k ), and the horizontal lines at  show the highest fidelity for classical transmission 
of a quantum state. 
∈] 2/3F =
From equation (5) one can conclude that only  or  may contribute to the average fidelity 0χ 3χ
 [ ( )]F tρ . Since they contain the terms  and , respectively, the fully 
entangled fraction 
 
 0
  cos(2 )te tω− γ   0  cos(2 )te tω− γ−
[ ( )]tρF χ tγ
0,1,2,3 0,1,2,3σ6
) 0> 3,2,1,0σ  0cos(2 ) 0tω
 becomes  and  alternatively with increasing decay time . 
Thus in order to achieve the maximum average fidelity, the one-to-one correspondence between 
Alice’s measurement basis and Bob’s recovery transformation should be  when 
, and  when 
0χ 3
A1Π
 0cos(2 tω 0,1,2,3A1Π 6 < . Also due to the presence of the cosine 
terms  in which the transition frequency , the average fidelity  )t γ ]0cos(2ω 0ω  [ ( )F tρ  
behaves as rapid oscillations with increasing decay time , with frequency given by tγ  04ω  (see 
figure 4). When 0/ 2t kπ ω=  ( ), the average fidelity k ∈] [ ( )]F tρ  attains its peak values. 
Moreover, as is evident from figure 4, we see that while both the entanglement and the purity of 
the atomic state ( )tρ  decrease, the average fidelity [ ( )t ]F ρ  may be increased. Yeo has pointed 
out in a recent work [25] that the amount of mixing between the separable and maximally 
entangled states is also important in determining the average fidelity. For his model, the greater 
proportion of separable 44ρ  than the maximally entangled |  contributes to the poor 
quality of teleportation. For model considered here, however, increasing the proportions of 
separable  and  may increase the average fidelity 
2 2| 〉〈Ψ Ψ
( )tρ11( )tρ 44 [ ( )]F tρ . We do not know what is 
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the underlying physical attribution for this seemingly counterintuitive phenomenon. Does there 
exist other essential quantities except entanglement and purity of the channel state for predicting 
the teleportation fidelity? Further study is needed for clarifying this ambiguity. Mathematically, 
one could attribute the occurrence of this phenomenon to the presence of the phase factors  
appearing in , which contribute to the average fidelity 
   02i te ω±
( )tρ [ ( )]F t41,14 ρ  but do not contribute to 
both the concurrence  and the purity , where 
 and . 
1 2max{0, , }C C C= 2| |( )ijijP tρ∑
2[ | ( ) | ( )]=C t tρ ρ− 2[ | ( ) | ( )]=C t tρ ρ−
=
1 14 22 2 23 11
 
Figure 5. Average fidelity of teleportation, concurrence and purity of the atomic state /( )tρ  versus 12r λ  with 
, 0 0(0)  | |ρ = 〉〈Ψ Ψ 0 100 ω = γ  and . The other parameters for these plots are 12ˆ rˆμ ⊥ 0.5tγ =  (black curves), 
0.6tγ =  (red curves), 0.7tγ =  (blue curves), 0.8tγ =  (green curves) and 0.9tγ =  (yellow curves). 
Plots of the average fidelity  [ ( )]F tρ  as well as the concurrence  and the purity C P  of the 
atomic state ( )tρ  versus the spatial distances between the two atoms with different decay times 
were shown in figure 5. For very small interatomic separations , the collective damping rate 
 (i.e., the small sample model or Dicke model [26]), from which one can derive the fully 
entangled fraction explicitly as , thus the average 
fidelity 
12r
γ → γ
 
2
0 [ ( )] [1 | c ) |] / 2t tt te e t− γ −γ= − γ +F
F
12
os(2ρ ω
 [ ( )]tρ  attains its maximum . Similarly, in 
the limit of  the concurrence and the purity of the atomic state 
 
2
0[ ( )] [2 | cos(2 )t tF t te eρ ω− γ −γ= − γ + |] / 3t
γ12γ → ( )tρ  also attain their 
maxima 2t tteC e −γ − γ= − γ 2 2 21 (2 0.5) (2 0.5)P t e t t and 4t te− γ − γ= − γ + + γ + γ + . All of these were 
evidently shown in figure 5. Also from figure 5 one can see that increasing the interatomic 
separations will diminish the values of [ ( )]F tρ ,  and C P , and makes them oscillating weakly 
with increasing . For very large interatomic separations the collective damping rate 12r 12γ  goes 
to zero (i.e., there is no coupling between the two atoms), and one can obtain 
,   [ ( )] [2 (| cos(2 ) |t tF t e e tρ − γ −γ= + + 2 t2 0 1)] / 3ω − C e P− γ=  and 4 31 t t t22 3 2te e e e− γ − γ − γ −γ= + − + − . 
Moreover, as is evident from figure 5, the state can be teleported with  [ ( )] 2 / 3F tρ >  over 
arbitrary long distances for certain time intervals, while for some other time intervals the state can 
only be teleported with  [ ( )] 2 / 3F tρ >
2
 over finite ranges of distance or cannot be teleported 
nonclassically at all. Comparing the three plots in figure 5, one can also note that entanglement is 
not the only essential quantity for predicting the fidelity. 
Finally, we explore fidelity dynamics of quantum teleportation with the two atoms prepared 
initially in the product state . The density matrix 1| |e g ⊗〉 〉 ( )tρ  can be obtained directly from 
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Eqs. (9) and (10) with the initial condition 11 (0) 1ρ = , from which one can obtain the concurrence 
analytically as . Clearly, for very small interatomic 
separations  the dipole-dipole interaction potential 
  2 2 1/ 2
12[( ) 4 sin (2Ω )] / 2t t tC e e e t12 12−γ −γ γ= − +
r12   12Ω  becomes very strong and thus one can 
entangle the two atoms with considerable amount of entanglement (e.g., when  we have 
 at the critical time , and  may be further increased by decreasing 
). Since entanglement of 
/ 20r λ12 =
max 0.9688C  0.032ctγ  maxC
r12 ( )tρ  is the prerequisite for teleportation, now we see whether this 
entanglement can be used to teleport the one-qubit state with [ ( )] 2 / 3F tρ > . The four parameters 
defined in Eq. (5) can be derived analytically as 
 12 12 12( ) ( ) ( )
0,3 1,2,  .t te e e− γ+γ − γ−γ − γ±γ
1 1 1 1= − − =2 4 4 2χ χ  t                  (17) 
 
Figure 6. Average fidelity of teleportation (black curves), concurrence (red curves) and purity (blue curves) of the 
atomic state ( )tρ  versus the rescaled time tγ  with  and . The other parameters for 
the plots are  (the top panel) and  (the bottom panel). Moreover, the green horizontal lines 
at  show the highest fidelity for classical transmission of a quantum state. 
 1 2 1 2(0)  | |e g e gρ = 〉〈 12ˆ rˆμ ⊥
12 /10r λ= 12 /12r λ=
2/3F =
From Eq. (17) one can note that the dipole-dipole interaction potential   12Ω  though appearing 
in the density operator ( )t [ ( )]F tρ  does not contribute to the average fidelity ρ . Moreover, the 
relative magnitudes of  ( m ) depend on the parameters mχ 0,1, 2,3= r12  and  involved and their 
maximum cannot be written compactly unless the parameter values are known. Thus instead of 
performing the analytical analysis, we presented in figure 6 the time dependence of the average 
fidelity 
t
 [ ( )]F tρ , as well as the concurrence  and the purity C P  of ( )tρ  with interatomic 
separations  and , respectively. From Eq. (2) one can obtain numerically 
that when 
/10λr12 = /12r λ12 =
0.4366r λ12 < 0
2 [ (tρ
 we always have the collective damping rate , thus the fully 
entangled fraction can be expressed as 
12γ >
)] =F χ   3 2t t te e e12 when the inequality 12−γ γ −γ+ >
Π σ6
12( ) [ ( )] [ 1] / 3tF t eρ − γ−γ= +
[ (F
 
holds, for which the one-to-one correspondence between Alice’s measurement basis and Bob’s 
recovery transformation should be  for achieving the maximal average fidelity 
. Clearly, although one can entangle the two atoms greatly via the 
spontaneous emission and dipole-dipole interactions of the system, 
0,1,2,3 2,3,0,1
A1
)]tρ  still cannot exceed 
the classical limiting value of  [17] since  and thus the exponential term  is 
always smaller than unity. This confirms again that entanglement is the prerequisite but not the 
only essential quantity for predicting the fidelity. Similarly, when 
2 / 3 γ < γ  12( )te− γ−γ
 3t t e12
12
 2 te e12−γ γ −γ+ <
0,1,2,3
0,1,2,3Π σ6 12 12( ) ( )  [ ( )] 2 / 3 / 6 / 6t tF t e eρ − γ+γ − γ−γ= − −
 [ ( )]F t
 one can 
obtain , and thus the one-to-one correspondence becomes  or 
, which yields . As can be seen clearly 
from figure 6, 
 0,3 [ ( )]tρ =F χ 0,1,2,3A1Π σ6
3,2,1,0
A1
ρ  though increases with increasing time  still cannot exceed  for the 
obvious facts that both the exponential terms  and  are always larger than zero, 
tγ 2 / 3
12( )te − γ+γ 12 )te (− γ−γ
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r12  or the decay time . tγ
rμ
no matter how one controls the interatomic separations 
Since in all the above discussions we only considered the case of  12ˆ ˆ 0⋅ = , i.e., the atomic 
dipole moments are polarized in the direction perpendicular to the interatomic axis, it is natural for 
us to wonder whether the average fidelity can be enhanced by tuning the directions of μˆ . In fact, 
this issue can be analyzed similarly as the previous section. From equation (2) one can obtain 
numerically that if the two atoms are separated by small distances, the collective damping rate  
will be increased slightly when the separation angle between 
12γ
μˆ  and  decreases from 12rˆ / 2π  to 
0, thus from equations (12) and (15) one can see that in the region of , the average 
fidelity 
12( ) lntγ + γ < 3
 [ ( )]F tρ  will be decreased to some extent for initial atomic state , while the reverse 
situation occurs for 
1| 〉Ψ
 [ ( )]F tρ  with initial atomic state  in the region of . If 
we continue increasing the interatomic separations,  will become smaller or larger than that 
with , and the same (reverse) behavior happens for 
2| 〉Ψ 12( ) lntγ − γ < 3
12γ
 12ˆ ˆ 0rμ ⋅ = [ ( )]F tρ  with initial  ( ). 
Moreover, for initial atomic states , the average fidelity 
2| 〉Ψ 1| 〉Ψ
0,3| 〉Ψ [ ( )]F tρ  will be increased with 
small interatomic separations and decreased with large interatomic separations. Finally, From Eq. 
(17) one can see that no matter how one tuning the directions of the atomic dipole moments, the 
average fidelity  [ ( )]F tρ  cannot exceed the classical limiting value  for  ( ) is 
always smaller than . 
2 / 3 mχ 0,1, 2,3m =
1/ 2
4. Summary and discussion 
In summary, we have investigated quantum teleportation of the one-qubit state by using two 
spatially separated two-level atoms as the quantum channel. We initially presented formula for 
evaluating quality of the teleported state under general conditions, i.e., the fidelity averaged over 
all possible pure input states on the Bloch sphere and all possible Alice’s measurement outcomes. 
Then based on this formula, we explored fidelity dynamics of teleportation with ( )tρ  generated 
from different initial atomic states, including the maximally entangled Bell states and the product 
state, and for all of them, we gave explicit operations performed by Alice and Bob for achieving 
the maximal average fidelity. 
We have revealed that for short decay times, the state can be teleported nonclassically over a 
distance larger than a critical value if the two atoms are prepared initially in the symmetric state 
, and over arbitrary long distances if they are prepared initially in the antisymmetric state 
. Increasing the decay time will shorten the region of interatomic separations for nonclassical 
teleportation, and for long decay times the state will cannot be teleported with 
1| 〉Ψ
2| 〉Ψ
 [ ( )] 2 / 3F tρ >  for 
, and can only be teleported over finite distances for . We also demonstrated that for 
fixed decay time , the average fidelity attains its maximum when the two atoms are separated 
by distance of about 0.6737 times of the resonant wavelength and the dipole transition moments 
are polarized in the direction perpendicular to the interatomic axis for initial state , while for 
, 
1| 〉Ψ 2| 〉Ψ
tγ
1| 〉Ψ
2| 〉Ψ  [ ( )]F tρ  increases with decreasing interatomic separations and attains its maximum for 
the small sample model. Moreover, if the two atoms are prepared initially in the states , our 
results show that the average fidelity exhibits completely the same dynamical behaviors, which are 
significantly influenced by the transition frequency of the atoms. 
0,3| 〉Ψ
[ ( )]F tρ  attains its maximum 
for the small sample model and oscillates rapidly with increasing interatomic separations. 
Besides the four maximally entangled Bell states, we also presented results of average fidelity 
with the system prepared initially in a product state , i.e., the case with only the first 
atom of the channel excited. Analytical and numerical analysis show that although from this initial 
separable state one can entangle the two atoms via the dissipative process of spontaneous emission 
with considerable amount of transient entanglement, it cannot be adopted to serve as a quantum 
1| |e g ⊗〉 〉2
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channel for teleportation because we always have the average fidelity [ ( )] 2 / 3F tρ < . 
We would also like to emphasize that although entanglement of the channel state ( )tρ  is the 
prerequisite for implementing the teleportation protocol, our results presented in this work clearly 
shows that it is not the only essential quantity for predicting the fidelity. In a recent work we have 
shown that for some specific channels the purity of ( )tρ  is also important in determine quality of 
teleportation [16]. However, we found here the situations (i.e., the two atoms prepared initially in 
the states ) in which the average fidelity increases while both the entanglement and the 
purity of 
0,3| 〉Ψ
( )tρ  decrease. Although this phenomenon can be interpreted mathematically by the 
presence of the phase factors  appearing in , it remains still an open question 
which quantities ultimately determine the teleportation fidelity for general cases? We hope our 
results will stimulate more future works which may give satisfactory physical explanations of this 
seemingly counterintuitive phenomenon. 
   02i te ω± 41,14 ( )tρ
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